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Abstract

this paper, we introduce basic properties of the reduced biquaternion which
can be regarded as generalization of complex numbers. By means of a
complex representation of a reduced biquaternion matrix, we discuss in detail
a Cramer rule and adjoint method for the reduced biquaternionic linear
equations.
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1 Introduction

The reduced biquaternion can be seen as one of generalization of the complex
numbers (see, for example, [ 1, 2]). It has been extensively applied in digital signal and
image processing [4, 6]. The reduced biquaternion was introduced by Schtte and
Wenzel [5], independently. They used the reduced biquaternion to the implementation
of digital filter, and demonstrated that fourth order real filter can be realized by means
of a first order reduced biquaternion filters.

In [3], the author proposed a Cramer rule for solving quaternionic linear equations
using a complex representation of a quaternion matrix. In the present paper we first
investigate in detail the properties of the reduced biquaternion in context of complex
number representation. We then establish important properties of matrix
representation of the reduced biquatemion which are corresponding properties of the
complex matrices. By means of a complex representation of a reduced biquaternion
matrix [2], we study in detail a Cramer rule and adjoint method for the reduced
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biquaternionic linear equations, which are different from the Cramer rule adjoint
method for the quaternionic linear equations.

2 Reduced Biquaternion

Let R denotes the sets of real numbers and RE the reduced biquatemion over R.
Hence,every g € RB can be defined by

q= qo+iq +jg, +Kqs; G0,q1,42,93 € R, n
where basis elements i,j and k obey the following multiplication rules:
ij =ji=k,jk=ki=iki=ik=-ji?=k?*=-1,j2=1. (2)

According to equation (2) it is easily seen that the reduced biquaternion multiplication
is commutative. Therefore, the multiplication of any reduced biquatemion

P =po+ipy+jp; + kps
and
q =qo +iq, + jq, + kqs.,
is obtained by
pq = qp
=Poqo + iPoq1 +JPoq2 + kpods + ip1qe + I*piqy + 1p1q2 + ikp1qs
+jP2qo +Jip2q1 + 7202 + jkp2qs + kpsqo + kipsq: + kjpsqa + k?psqs
= PoQo + iPoG1 +JPeq2 + kPoGs + ip1qo — P1G1 + kp1G2 — jP1Gs + jP2q0
= Poqo + iPoGy + jPodz + kpoqs + ip1qo — prG1 + kpiGa — jpids + 290
+kp2Gy + P2Ga + iP2qs + kpsqo — jPsqy + iP3G2 — Pads
= (PoGo — P1G1 + P2G2 —P393) + i(Poq: + P1Go + 0203 + P392)
+j(PoG2 = P15 + P2G2 — P3Gs) + k(Poqs + P1G2 + 201 + P3qo).

3 Representation of Reduced Biquaternion

In what follows we introduce a representation of the reduced biquaternion which have
the following form:

1 . 1 .
e =E(1 +j) and e, =Z(1 - ).

Here they satisfy e, +e, =1 and e, —e, =j. We say that e, and e, are
idempotents because e? = e, and e} = e,. It is not difficult to check that

e,e; =0 and e;e; = 0.

Below we obtain the important results of the above representation.
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Theorem 3.1. If we write o =g+ q:1 and q, = qy +q3l, every reduced
biguaternion q = Qg + Q11+ q-J + q3 can be represented uniquely by the linear
combination of e, and e,,i.e,

q=qq+qpf
= Qa+p€1 T Ga—p€a,

where Quip = Qg+ qp and qu—p = qq — qp.

Proof. It directly follows from the definition of reduced biquaternion that

q=qo+qi+qj+qsk
= (qo + q11) + (g, + qzi)j
=qq + QuJf

1 j
=§(qa +qp+qq —qb)+§(qa+qb—qa +qp)
1 j 1 J
=§{qa +Qb)+E(QG +qb)+§(rfa - qp) —E(Ga - qp)

=@+ @) (G+1)+ (@ —a) G-1)

=qa+pe1 T Ga-pe2

Theorem 32. If qu+p #0 and G,y # 0, then the inverse of the reduced
biquaternion q have the following form

a7 = (Gan) ter + (@g-p) en.

Proof. Simple computations show that

gt -1
q
1
G+ Qi
1 qa—aqui
T Qu ¥ Quf 90— @l
_ Ga — qpJ
G% = GaQu + Qap) — Gf
_ 4 — qpJ

Q2 —q}
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Using the fact that g, — ;] = Gq+p€2 + Qa—pe1, the above equation can be written as
—1 _ _Gaivf2 + 9apes

(a0 + ap)(a — q»)
Qa+b€az + Qa-p€1

q

Qa+b9a—b Qa+p9a-b
€y €1

Qab  Qatd

Hence,
q = (Garp) o1 + (Ga-p) ‘ez
which proves the theorem.

With the representation of the reduced biquaternion mentioned above, the
multiplication can be simplified

pq = qp = (Pa + Pu)(qa + ap)es + e —Pp) (G0 — an)es. (4)
This can be easily seen from
pq = qp = (Pa+per + Pa—1€2)(dasves + Ga-pe2)
= ((@a + podes + (Pa —Pp)22)((@a + e + (90 — qu)ez)
= (@a + Pu) (@0 + ap)e? + (e + o) (e — qu)ese:)
+((Pa = o) + (@ — W)eses + Pa = Pu) (Ga — qu)e3).
Since ese; = 0 we obtain

pq = ap = (Pa + Pp)(qa + qp)er + Pa = Po)(qa — qnlez.
The next, the reduced biquaternion can be expressed by the real representation matrix
in the form

q=M,
G0 —q1 492 —qs
- ql q{] QB qz . (5)

2 —q3 Go —qQ1
93 q2 1 Qo

Now we obtain that the multiplication of the two reduced biquaternions g and p can
be rewritten in the form

ap = Mgy,
where the vector v, is given by
Po
v = P
P P2
Pz
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Let us now suppose Myn(R), My (C) and M,,,(RB) denote the set of all
mXn matrices over real number [, complex number € and reduced
biquaternionR B, respectively. For m =n, the set of real and reduced biquaternion

matrices are called square matrices and are denoted by M,(R) and
M,,(RB), respectively. Forany A € M, (RB) may be written as
A= Ag+i4; +jA; + kA, (6)

where Ag, A;,4;, and 4y €] meen (). We therefore can write the above equation
in the form

A= (A +id) + (A; +iAL)j
= A, +JjA,, (7)
where A, 4, € My, (C).

4  Cramer Rule for Reduced Biquaternionic Linear Equation

In this section we shall discuss how to find the solutions of the reduced biquaternionic
linear equation of the form

Ax = f.
where A € M,,(RB), B € M,,.(RB). It is known (see [2]) that for any reduced

biquaternion  matrix A = A, +iA; +jA; + kA, € M,(RB)  the  complex
representation is given by
A A
el 4 8
na =y f ®)

The complex matrix 77(A) was called complex representation of A. From
equation (8) we can easily obtain adjoint of n(A) and is denoted by Adj(n(4)).

€ (pznxm

Using the definition of complex representation we get the solution of Ax =p
which is corresponding to the solution of n(A)n(x) = n{B). It means that Ax =
has a solution x if and only if n(4)Y = n(B) has a solution Y = n(x). If a reduced
biquaternion matrix A is invertible, ie. det(A) =det(n(4)) # 0, then linear
equation n{A)Y = n(fF) has a unique solution n{x) and

1 [Dary Dyt ] =12
det (A) | Do Dorql’ -

where [,;_, is the determinant obtained by replacing the (2t-1)-th column of
Adj(n(A)) by the first column of n(B), dan D, the determinant obtained by
replacing the (2t- 1)-th column by the second column of n(B). Suppose that

-1
A = ([DZt—l Dy )
SE\NL De Do)

Then equation (6) can be written in the form

nlx) = e, ©)
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1
Xt—mf&t, t=1.2,..,n

This gives the following important result.

Theorem 4.1 Let A€ M,(RB), B € M, (RB). If A is an invertible reduced
biquaternion matrix, then the reduced biquaternionic linear equation Ax = f has a
unique solution and the solution is given by

1

Xy = m/\t, t=12,...,n

where
-1
Doy D
A = ([ 2t—1 2t ])
v (” Dy Dyes
Especially, if A € M,(C) by the definition of complex representation we get
det(4) = det(n(A)) = L4494 1nd Dy, = A, det(4), Dy, =0. This means

detA
that we have
P det ()"
_ 1 A, det(A) 0 o
~ det(A) det(A) (” ([ 0 A det(A)D)
1 1
= Ter(a) deray A = Ty A

Here A; is the determinant obtained by replacing the t-th column of det (A) by the
reduced biquaternion vector f. Therefore, the reduced biquaternionic Cramer rule is
a generalization of complex Cramer rule.

Let us illustrate the above result by taking an example of the application of the
Cramer rule and Adjoint method. Consider the following reduced biquaternion
matrices

_| -t J _I1
A= [1 +k i+_,r‘]' and — f = [—E]'
Find all solutions of the reduced biquaternion linear equation Ax = .
First, we write the above matrices in the form

a=[7 k)

By the definition of complex representation of the reduced biquaternion matrix we
immediately obtain

2252
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—-i 0 0 1 1 0

|1 i i1 |10 1
U(A)— 0 1 —i ol ??Q-?)— —i ol (10)

i1 1 i 0 -—i

By direct calculation we get det(n(A)) = —4i # 0. Accordingto (9) we immediately
obtain

1 0 01 —-i 0 0 1 - 0 1 1
D, = Ei E‘1 —ix 10' D?—':o1 01 —ii 10"D3= (11 1i —Oi 10'
0o 1 1 i i —i 1 i i 1 0 i
and
—-i 0 0 0
D= é 1i i 10
i 1 1 —i
Above gives
det(D,) =2 + 2i, det(Dy) = —2i — 2, (11)
and
det(D;) = =2i+ 2, det(D,) = 0. (12)

From the reduced biquaternionic Cramer rule, the linear equation has a unique solution,
namely,

n(x1)=det1w[g: gﬂ
=z (5 20) a3

Substitution (11) into (13) yields

1  —2i—21)
N =—_4i('? (I ))

1

In a similar way, we have

=g (o o)

Y2 = —izh(” ([_2i0+ ’ —2:‘0+ ZD)_l
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1
= — (=20 +2).
5 D

Next, we use the adjoint method to solving the reduced biquaternion linear Ax = 8.
From the first term of (10) we easily obtain

2420 0 0 —2-1i

_ -1-i -1-i =1+i 1-i
adi () =|"0"" 50 24u o

1+ 1—i -1—-i —-1-i

Hence,
_ L[ 242 ~2j — 2k
(adi (1)) _[—l—i—j+k —1—i+j—k]'

This means that we have

xip 1 2+ 2i —2j — 2k ] 1
[xz] T 4il-1-i—-j+k —-1-i+j-k [—i]
1 24+2i—-2j+2k ]
T il-l1-i—j4k++i-1—k—j
_i'2+2i—2}'+2k]
T —4il  -2-12j '
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